Contents

Notestothe Reader .......... .. ... i, xiii
1. DivisiBility «o conions can s ves vamn smss s s s v vems s s 1
Ll DAVESOTS oo vttt ie it e e i 2
1.2 Bezout’s Identity . o con vis s gnm somn s s soms ven s ows o s 7
1.3 Least common multiples..........c.coviiiiiiiiiiininann. 12
1.4 Linear Diophantine equations ................ ... ..o ot 13
1.5 Supplementary exercises. .........ociieiriiiiiiiiiiiiaaaas 16
2. Prine NUMDBOES: ; soes s sows sun ¢ ovs v om0 ai oy 9 s ¥ i 19
2.1 Prime numbers and prime-power factorisations ............... 19
2.2 Distribution of primes..........coiiiiiiiiiiii i e 25
2.3 Fermat and Mersenne primes . ...........c.iuveiiiinenrnn, 30
2.4 Primality-testing and factorisation.......................... 32
2.5 Supplementary eXercises ... .........coveiiiiiiiiiiiiaae ., 35
3. COongruenCes . .. ...ttt e 37
31 Modalar arithietic « coc sows voms imn 5 sms saies s o s 3ais Gaivi & 37
3.2 Linear CONGrUENCES . .........cvvrrerinrennnninnneeennanen. 46
3.3 Simultaneous linear congruences. ................iiia. 52
3.4 Simultaneous non-linear congruences .................0euu... 57
3.5 An extension of the Chinese Remainder Theorem............. 59
3.6 Supplementary exercises.............ciiiiiiiiiiiiiiia 62
4. Congruences with a Prime-power Modulus ................. 65
4.1 The arithaebic of Ly oos vovn o 5 won vosn oves wus wews swws s 3 65
4.2 Pseudoprimes and Carmichael numbers ..................... 2



Elementary Number Theory

4.3 Solving congruencesmod (p°) ............... 0ot 78
4.4 Supplementary exercises...............ooiiiiiiiiinin.. 82
Euler’s Function ............. ... ... ... .o .. 83
Ol UITHEE) fi 550 55005 505 Susun suse mimerim sunsi =1 oot sions o0 Sl scvove ity Fopvese 83
5.2 Eualer’s SUBEEION « « oo vivm 565 5605 na v s nnies s sosm simimn siamm s 85
5.3 Applications of Euler’s function ............................ 92
5.4 Supplementary exercises.................oiiiiiiinin.. 96
The Groupiof WBTS ..ou vew s sus v 555 1006 085 5 655 5in svms s 97
6.1 Thegroup Up .. .o e 97
6.2 Primitiveroots............... ... ... 99
6.3 The group Uy, where pisanodd prime..................... 103
6.4 Thegroup Use ...t 106
6.5 The existence of primitiveroots ............................ 108

6.6 Applications of primitive roots ............................. 110

6.7 The algebraic structure of U, .......coovierinnnnn... 113
6.8 The universal exponent ..................... ... . 0.i.... 116
6.9 Supplementary exercises.............. ... 117
Quadratic Residues . ................ ... . .0, 119
7.1 Quadratic cONgruences .................oueuivnerunnrnnnnn. 119
7.2 The group of quadratic residues ............................ 120
7.3 The Legendresymbol .............. ... . ... .. ... 123
T4 Quadraticreclproeiby . oo vws vans s savs aees 258 § o SaE 64 130
7.5 Quadratic residues for prime-power moduli .................. 135
7.6 Quadratic residues for arbitrary moduli ..................... 138
7.7 Supplementary exercises............ ... ... 140
Arithmetic Functions ............................ .. ... ... ... 143
8.1 Definition and examples ....................c0oiiiiiiian... 143
82 Perfect DUMDELS wu waws s sy sy swn vaen S 5 sue coss wrem o 146
8.3 The Mobius Inversion Formula ....................00vvn.... 148
8.4 An application of the Mobius Inversion Formula .............. 152
8.5 Properties of the Mobius function .......................... 154
8.6 The Dirichlet product .......... ..., 157
8.7 Supplementary exercises.. ...t 162
The Riemann Zeta Function ................................ 163
9.1 Historical background ....................... ..., 163
9.2 CONVEIZENCE .. ..ottt ettt et e 165
9.3 Applications to prime numbers . . ............ ., 166

-

Contents Xi
9.4 Random integers ...............cooviiiuiiiireniniianananns 170
4.5 BEvaluabing CI2) o veo woro s ves 6o 8 607 G685 695 G008 5555 GHS Rab 4 174
9.6 EvBloBtng CI2K) coms com s s v ovs o pon g gus poss goms v sees 176
9.7 Dirichlet series ...t i 179
9.8 Fuler products ........coiiiiiiie i 182
0.8 Commpler VanAbIes uu s vs © ses men v wev s oo » sy v e 185
0,10 SUPDIeTHentAry EREICIe .. o o « sun wwnw wiow saran s oo G we 188
10, SUE of SQUATEE cco v won vy 5o 5 55 Sabs Trs 4R S 5 858 PO vaws 191
10:1 SUMS 6f tWO SQUATES « s cos vis v v o o st 5o s o sares 191
10.2 The Gaussian integers. . ..........cvvueiiiiiiniieiareennnn. 196
10.3 Sums of three sQUATES .. ... ...vieirereiiiiinii i, 201
10:4 Sums of TOUr SQUATES . : s vomw svin s oam cas Dus @ ows Sy vive s as 202
10.5 Digression on qUaternions ..........c.oceerereriinrrinaerannn 205
10.6 Minkowski's Theorem ..........cooiiiiiiiiiiiiiniian. 206
10.7 Supplementary eXercises .. .......ooiviviiiiiiiiiiiiiiens 214
11. Fermat’s Last Theorem ............ ..., 217
111, The Problemm : cus s cus o s sus o oms s 5 ows povE w35 ¢ v v oms s 217
11.2 Pythagoras’s TReoTemy .« caw v vue s s oo soasmis s s wiie o vmoe wsie 218
11.3 Pythagorean triples...........ouuiriiiiiiunieniineenens 219
11.4 Isosceles triangles and irrationality............... ... . ... 221
11.5 The classification of Pythagorean triples.................... 223
11.6 Fermat....... s sosse & mare Shrie A DAGE A ¥ SR DENE SRR T Sen T A 226
11.7 Thecasen=4........... s S N S ¢ W S R Y e 227
11.8 Odd prime exponents ............c.ouveiniuiuneieiiniieerrans 228
11.9 Lamé and Kummer .............c.ocoviiioinn.. 5 B s 233
11.10 Modern developments . .. .....c.coiiitiiii i 234
11,11 Flicther reading .. ..co ovcs bonsos s bvs ca 9965 owm 5 6o §aes 05 237
Appendix A. Induction and Well-ordering ...................... 239
Appendix B. Groups, Rings and Fields ......................... 243
Appendix C. Convergence ...............ooueiiiriennieerinnennns 247
Appendix D. Table of Primes p <1000 ....................c00t 249
Solutions to EXercises. .. ..o svisivininis invvuisvisevin s cnnss 251
Bibliography . .......... . 289

Tndex of SYmbOIS: .. v« s v sioms s memm s » o v s st s s 291



xii Elementary Number Theory
Index of NAMES . ... .. it i e 295
Index . ..o e e e e s 297




